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ABSTRACT: Using combination of the molecular dynamics simulations and theoretical calculations, we
have demonstrated that the bending rigidity of biological polyelectrolytes (semiflexible charged polymers) is
force dependent. The effective chain bending rigidity decreases with increasing the value of the applied force.
Atsmall and intermediate values of the applied forces a semiflexible polyelectrolyte chain behaves similar to a
neutral chain with the effective bending rigidity equal to the sum of the bare chain bending rigidity and
electrostatic bending rigidity which has a well-known Odijk—Skolnick—Fixman (OSF) form with a quadratic
dependence on the Debye radius. However, at large values of the applied force when the magnitude of the
external force exceeds an electrostatic force responsible for the local chain stretching the effective chain
bending rigidity is controlled by the bare chain elastic properties. This dependence of the bending rigidity on
the applied force is a result of the scale dependent effect of the electrostatic interactions on the chain bending
properties that can be approximated by two characteristic length scales. One describes the chain’s elasticity at
the distances along the polymer backbone shorter than the Debye screening length while another controls the
long-scale chain’s orientational correlations. By applying an external force to a semiflexible polyelectrolyte
chain one probes different chain’s deformation modes. Simulation results and theoretical model demonstrate

a good quantitative agreement.

1. Introduction

Force spectroscopy experiments on DNA, RNA, actin, and
microtubules filaments allow one to access information about
stresses and strains experienced by molecules during biological
process such as molecular recognition between DNA and pro-
teins, protein induced bending of DNA, cytoskeleton polymeri-
zation, and energy transduction during the ATP cycle in
molecular motors." * The techniques include hydrodynamic
drag,> " optical and magnetic tweezers,'™'"* and atomic
force microscopy (AFM).'"3¢~#0 These methods probe a force
range between 0.1 and 150 pN. In this force interval one can
study both entropic and energetic effects on chain’s elasticity.
The interpretation of the force-elongation experiments and
obtained values of the chain’s elastic constants is model depen-
dent and heavily relies on the assumptions used for the data
analysis. >2341:42

The situation becomes even more complicated for DNA
molecules for which the long-range electrostatic interactions 4Izl)lasy
an important role in controlling chain’s elastic properties.*' '
The force—extension data of the double stranded DNA were
described by a worm-like chain model**>? with the effective value
of the chain’s bending constant which has contributions from
both the intrinsic chain’s bending rigidity due to the base stacking
and the electrostatic induced bending rigidity due to intrachain
electrostatic repulsion.**** This model is based on the assump-
tion of the existence of the single length scale controlling chain’s
bending properties. However, the electrostatic interactions have a
more complex effect on the bending proPerties of the semiflexible
polyelectrolytes.*>#34%33 It was shown™ that it is not sufficient to
use a single correlation length to describe a decay of the
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bond—bond orientational correlations of a semiflexible polyelec-
trolyte chain. There are two different characteristic length scales
that control short-range and long-range orientational memory
along the polymer backbone.® The short-range correlation
length describes chain orientational memory at the distances
along the polymer backbone shorter or on the order of the Debye
screening length. The long-range correlation length is responsible
for chain’s orientational correlations at distances longer than the
Debye screening length. The reason for such chain behavior is
the scale dependent effect of the electrostatic interactions on the
chain’s elastic and bending properties. **434¢-3

In this paper we will apply our multiscale model’” to study the
effect of the electrostatic interactions on deformation of semi-
flexible polyelectrolyte chains. The rest of the paper is organized
as follows. Section 2 presents results of the molecular dynamics
simulations of semiflexible polyelectrolyte chain and shows how
the applied external force changes the bond—bond correlation
properties. In section 3, we present a model of the polyelectrolyte
chain under tension. To test some of the model assumptions in
section 4, we apply this model to describe force-elongation data of
neutral semiflexible chains and derive a new crossover expression
for dependence of the chain deformation on the magnitude of the
applied force. This expression gives a better agreement with the
simulation results and the exact solution®® than the Marko—
Siggia expression.** In section 5 we extend our analysis to include
the effect of the electrostatic interactions on the chain’s elastic and
bending properties. Our analysis shows that the existence of two
different characteristic length scales results in two different
crossover regimes in dependence of the chain’s orientational
correlation lengths on the applied force. In section 6, we use
our model to extract the effective chain’s bending constant from
force-elongation data and demonstrate that it is a force depen-
dent. Finally, section 7 summarizes our results.
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2. Molecular Dynamics Simulations of Chain Stretching

We have performed molecular dynamics simulations™>>¢ of

stretching of semiflexible polyelectrolyte chains by a constant
force f. The model used for these simulations was similar to the
one used in our study of the persistence length of semiflexible
polyelectrolytes.™ A polyelectrolyte chain was modeled by a
bead—spring chain consisting of N,, = 200 charged particles
(monomers) with diameter o. The connectivity of the monomers
into a chain was maintained by the finite extension nonlinear
elastic (FENE) potential,

,,2
UFENE(r) = - O.Skspr[nngalell <1 - R 2) (1)

max

where Ky, 18 the spring constant set to be Ky,ine = 30k3T/a2
and Ky,jne = IOOkBT/oz, the maximum bond length is R,.x =
1.50, kg is the Boltzmann constant and 7 is the absolute
temperature. (The large value of the spring constant was selected
to minimize the effect of the bond stretching at large values of the
applied forces). The repulsive part of the bond potential was
modeled by the truncated shifted Lennard-Jones potential with
the values of the Lennard-Jones interaction parameter ¢, ; = 0.34
kT for kg = 30/{BT/02 and e;; = 1.0 kT for stronger bonds
with ke = 100k sT/o”. The chain bending rigidity was intro-
duced into the model through a bending potential controlling the
mutual orientations between two neighboring along the polymer
backbone unit bond vectors 77; and 71 .

UZ?& =kpT K(1= (1,1, ,)) @)

In our simulations the value of the bending constant K was
varied between 25 and 160. For this chain model a chain
persistence length /, is proportional to the bending constant,
l, = bK, where b is the bond length.

We used a screened Coulomb potential

A0
Ualry) = kaT = exp(—kry) (3)

I
to describe the electrostatic interactions between charged mono-
mers on the polymer backbone separated by a distance ;. Ineq 3
the interaction parameter A,; = o’k pgTo = 13(12/0 describes
the strength of the electrostatic interactions in terms of the
thermal energy kzT between charged monomers carrying an
effective charge ae in a medium with the dielectric permittivity
¢ and separated by a distance 0. [; = ¢/ekT is the Bjerrum
length. (Note that we use the Electrostatic System of units.>’ In
the SI units®’ the Bjerrum length is equal to [ = ¢*/(4meyek zT)
where &y = 8.85 x 10~ '2C*/m’N is the dielectric permittivity of
the vacuum.) In our simulations, we have assumed that a
polyelectrolyte chain is uniformly charged and each monomer
is carrying a fractional charge oie. The Debye screening length « !
in solution with salt concentration ¢, is defined as > = 87/pc,.
The simulations were performed at a constant temperature,
which was maintained by coupling the system to the Langevin
thermostat.®® The motion of monomers was described by the
following equations,

dv (1)
" dt

where m is the bead mass, v (¢) is the bead velocity, and F (¢)
denotes the net deterministic force acting on the ith_bead. The
stochastic force FX(r) has a zero average value (FX(#)) and
o-functional correlations (F (). FX(?)) = 6kzTES(t — ¢'). The
friction coefficient & was set to & = 0.143m/t; ;, where 7 ;s the

= Fi() - & () + FL (1) 4)
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Figure 2. Dependence of the mean square average end-to-end distance
< R*> /0” on the magnitude of the applied force fo/k 5T for semiflexible
polyelectrolyte chains with the degree of polymerization, N,, = 200,
bending rigidity, K = 25.0, electrostatic coupling constant 4, = 1.0
bond potential parameters Kpying = 3OI(BT/0E (@), Kspring = IOOkBT/Gﬁ
(b) and for different values of the Debye screening length: k' = 5.00
(half-filled triangles), x ' = 10.00 (inverted triangles) and ' = 20.0¢
(filled triangles). Neutral chain results are shown by open triangles.

standard LJ-time 7, ,=o(m/kT)"*. The velocity—Verlet algo-
rithm with a time step At = 0.017;; was used for integration of
the equations of motion eq 4. Simulations were performed using
the following procedure: at the beginning of each simulation run,
a polyelectrolyte chain in a random walk configuration was
placed in the center of the simulation box. A pair of constant
forces f was applied to the both ends of a chain pointing in
opposite directions along z-axis (see Figure 1). The magnitude of
the force was varied between 10> and 50 k3T7/o. The system was
pre-equilibrated for 2 x 107 MD steps. This was followed by a
production run lasting 2 x 10® MD steps. Such long simulation
runs were required in order to obtain a good averaging of the
bond—bond correlation function at large separations along the
polymer backbone. Note that relatively short chains in our
simulations were selected to minimize the chain’s swelling effects
on the bond—bond orientational correlations. In parts a and b of
Figure 2, we show the dependence of the mean-square average
end-to-end distance of a chain on the value of the applied force
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Figure 3. Bond-bond correlation functions of semiflexible polyelectro-
lyte chains with the degree of polymerization N,,, = 200, the bond spring
constant Kgpring = IOO.OkBT/oz, the Lennard-Jones interaction para-
meter &5 = 1.0kgT, the bending constant K = 25.0, the electrostatic
coupling constants Ae = 1.0, the Debye screening length x ' = 20¢°and
different values of the applied force: f/ = 0.001kgT/o (green open
triangles), /' = 0.05k 3T/o (black open circles), f = 0.1kzT/o (red open
squares), f = 1.0kgT/o (blue open rhombs), f = 10.0kzT/o (gray open
hexagons). Solid lines are the best fit to eq 7.

for polyelectrolyte chains at different values of the Debye screen-
ing lengths and for a neutral chain. As one can see all plots
demonstrate qualitatively similar behavior. At small values of the
applied force, fo/kzT < 1072, the chain size saturates at the value
corresponding to the unperturbed chain size. At the intermediate
values of the applied force the chain elongates as the magnitude of
the applied force increases. In the interval of the large applied
forces, fo/kgT > 3, all lines converge indicating the crossover to
the universal regime where chain’s elastic properties become
independent of the strength of the electrostatic interactions and
are controlled by the bare chain’s elasticity. Note that the upturn
in the chain size dependence for fo/kgT > 20 seen in Figure 2a is
due to the bond stretching. The average bond length for the
system shown in Figure 2a is equal to 0.922 for fo/kgT < 2.5 and
increases to 1.03 for fo/kzT = 50. There is no such upturn in the
case of the larger values of the spring elastic constant (see
Figure 2b) for which the bond length varies between 0.905 and
0.93 for the same force interval. More detailed information about
the effect of the applied force on chain’s properties can be
obtained by analyzing the bond—bond correlation function.

N-I-1

1
h=y=; 3 @) (5

In Figure 3, we show evolution of this function with the force
magnitude for a polyelectrolyte chain with the bending constant
K = 25, the value of the Debye screening length « ' =200 and
electrostatic coupling constant A,y = 1.0. To minimize the end
effects in obtaining the average values of the bond—bond
correlation functions we have only considered 100 bonds in the
middle of the chain during the averaging procedure. Our simula-
tions show that this correlation function has two different
functional forms. For small values of the applied force the
bond—bond orientational correlations are well described by a
sum of two exponential functions, while at the large values of the
applied forces the correlation function can be fitted to the sum of
exponential and a constant. The appearance of the constant term
in the bond—bond correlation function in the large force limit is a
result of the chain orientation along the direction of the applied
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force. Thus, the general form of the bond—bond correlation
function that can describe both limits is

G(z)=<nz>2+yexp( ”)+ﬁ ( ") (6)

where (n.) is the average projection of the unit bond vector on the
force direction. Note that the parameters y and f are not
independent, they are related by a normalization condition
G(0)= I, which gives 1 =(n.)* + y + f. Taking this into account,
we can rewrite eq 6 as follows

G(l) = (m)’ +(1= ()’ = ) exp(_‘fll') +ﬁexp<_/%|> (7)

In the limit of zero applied force /' = 0 and (n.) = 0, this
equation reduces to the correlation function proposed in our
previous publication® to describe correlation properties of
semiflexible polyelectrolyte chain. Existence of the two different
correlation length scales 1; and 4, in the chain’s bond—bond
correlation function is a result of the 2-fold effect of the electro-
static interactions on the chain bending and elastic properties.
The characteristic length scale A; in the case of zero force
describes chain’s bending properties at the length scales larger
than the Debye screenmg length and has a well-known OSF-like
quadratic dependence™* on the Debye screening length x~ ',
I~ K+ 0.254,0/b(kb)*, where b is the bond length. The second
length scale A, describes chain deformation at the length scales on
the order of the Debye screening length and in the limit of the
large Debye screening lengths has a form characteristic of a chain
under tension, 1, ~ (K/f F,)'/2, where the effective force is due to
electrostatic interactions between charged monomers, f,
—A.(0/b) In(kb). We have applied eq 7 to fit our simulation data
shown in Figure 3 by using 4;, 45, 8, and (n.) as adjustable
parameters. The number of points used for this fitting procedure
was optimized to minimize the difference between average values
of the projection of the unit bond vector on the z-axis (n.)
obtained from simulations and one from the fitting procedure
Figure 4 shows dependence of the difference 1 — (n.)> — f,
describing the weight of the first exponential function in the total
bond—bond correlation function, on the force amplitude. As one
can see the value of the parameter f3 tends to 1 — (n.)*, making the
weight of the first exponential function to approach zero (see
Figure 4). This indicates that at the large force limit, fo/kzT> 1,
the bond—bond correlation function can be fitted to a sum of a
constant and an exponential functlon In thls limit the leue ofthe
parameter 3 approaches 1 /(f K)'? (K/f )2 and the
bond—bond correlation function reduces to

1 f
G(l) =1+——| ex —\[u -1 (8)
TR

where we defined a reduced force f/ = fb/kgT and used the
following relationship for the average value of the projection (7.)
and magnitude of the applied force £, (n.)* = (1 — (fK)~').
Dependence of the chain’s bond—bond correlation function only
on the bare chain bending constant K further supports our
observation that in the large force limit the properties of the
polyelectrolyte chain are similar to those of a neutral chain.

In Figure 5, we plot variations of the characteristic length
scales 4; (long-range characteristic length) and 4, (short-range
characteristic length) with the magnitude of the applied force.
These characteristic length scales A; and A, have two different
crossover regimes. At small values of the applied force the value
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Figure 4. Dependence of the parameter | — (n.)> — /3 on the value of the
applied force fb/kpT for semiflexible polyelectrolyte chains with the
degree of polymerization N,, = 200, bond spring constant k;p,mg =
100.0k 3T/o, Lennard-Jones interaction parameter &, = 1.0kgT,
electrostatic coupling constant 4., = 1.0, for dlfferent values of the
Debye screening length and bendmg constants: k= Scand K = 25.0
(green half ﬁlled triangles); 100 and K = 25.0 (green mverted
triangles); k* = 200 and K = 25 0 (green filled triangles); x = 200
dnd K = 40.0 (black circles); k= 200 and K = 80.0 (red squares);

' =20cand K = 120.0 (blue rhombs); and «* = 200 and K = 160.0
(gray hexagons).
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Figure 5. Dependence of the parameter A,(f) (open symbols with
dashed lines) and A5(f) (filled symbols with solid lines) on the value of
the reduced force fb/k zT for semiflexible polyelectrolyte chains with the
degree of polymerization N, = 200, the bond spring constant kypyine =
100.0k 5 T/o”, the Lennard-Jones interaction parameter &;; = 1.0 kT,
the electrostatic coupling constant 4,; = 1.0, the Debye screening length

~ = 200 and for different values of the bending constant: K = 25.0
(green triangles); K = 40.0 (black circles); K = 80.0 (red squares); K =
120.0 (blue rhombs); K = 160.0 (gray hexagons).

of the parameter A, is constant. It starts to decrease with
increasing the force ma.gmtude at about / ~ 10”2 In the larger
force limit, f > 1072, the value of the parameter A, is 1nversely
proportional to the squdre -root of the applled force, A, o< f~1/?
with a coefficient being proportional to A,(0)"/%. This is exactly a
scaling that one should expect if a polyelectrolyte chain is
considered as a neutral chain with the effective bending constant
21(0). The crossover to this regime is estimated to occur at f ~
21(0)"". Unfortunately we have not been able to establish what
happens with the parameter A, in the limit of large forces, f* > 10,
because of the very small weight of the first exponential (see
Figure 4) and uncertainty in the fitting procedure. In this force
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interval, the bond—bond correlation can be fitted to the function
given by eq 8.

The second characteristic length scale 1, stays constant
through the larger range of the applied forces up to f < 1. The
crossover value of the force moves toward slightly larger force
values with increasing the chain’s bare bending constant K.
Above the crossover value of the applied force this characteristic
length scales decreases with i 1ncreasmg the value of the applied
force as A, ~ (K/f)'? . Thus, in the large force limit both
correlation lengths have similar force dependences.

In the next section, we present a theoretical model describing
this peculiar polyelectrolyte chain behavior.

3. Theoretical Model of Stretching a Polyelectrolyte Chain

Consider a semiflexible polyelectrolyte chain with the number
of bonds N, bond length b and fraction of charged monomers o,
which ends are pulled by an external force with magnitude f
pointing along z-axis. We can describe a chain conformation by a
set of the unit vectors 7; pointing along the chain bonds. The
potential energy of a semiflexible polyelectrolyte chain with the
bending energy kpTK in a given conformation includes the
bending energy contribution, the electrostatic energy contribu-
tion and the contribution due to an external force

Upe({ii }.f) KRS o 150% s exp( — kry)
kBT 32 n _nl+1 —; Vi/'

2
2 W) )

where r;;is the distance between monomers i and j on the polymer
backbone. In evaluating contribution of the electrostatic inter-
actions we will assume that a radius vector between monomers i
and j along the polymer backbone is close to a straight line within
the range of the exponential decay of the electrostatic potential.
In this approximation we can approximate the distance between
two monomers as follows

2

where /; = |j — i| is the number of bonds between ith and jth
monomers along the polymer backbone. In obtaining eq 10 we
used the identity:

= ~ =2

(fn,) =1—(i,—n,) /2
Using eq 10, we can locally expand the electrostatic potential
energy about a rod-like conformation and obtain the following
correction to the electrostatic energy of a rod due to local chain
bending

AUe/ec({’_/ii}) ~ ﬂ‘z
kg T 4 L= lij3

<j

N e j—1
XU (4 ey S i, -,)

(11)

where u is the ratio of the Bjerrum length /5 to the bond size b.
Note that the expansion eq 11 is correct as long as the chain’s
persistence length is larger than the Debye screening length '
Another comment worth making here is that the expansion
eq 11 does not require for the whole chain to be close to a rod-
like conformation and only assumes the local chain’s orienta-
tional correlations. The partition function of a semiflexible
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polyelectrolyte chain can be written as follows

2) = [ ati exp(—iU”Eg;}’f )) (12

where integration in eq 12 is performed over all orientations of the
unit vectors 7 ;.

In order to calculate averages with the partition function eq 12
it is useful to introduce the normal coordinates for a set of the
bond vectors {77 ;}

N-1

A=Y Zikexp<i%ks> (13)
)

k=—(N-1

In the case when a, = d_, eq 13 reduces to the cosine
transform used in ref 53. In this representation, the chain’s
potential energy is a quadratic function of the mode amplitudes

UPE({EI(}’J?) Erod(ba K) N <k7’[>2
= +N k(=
ksT ksT k:_z(/;_l) N

km\\(@,-a_,) Nbfaj
() (14

where we defined

N
= 2u® Y ( N)M(l + kbm)

m=1

m

> (m=s)(1=cos(gs)) (15)

s=1

and the electrostatic energy of a charged rod is equal to

Epa(b, k) o exp Kbl)
7kBT = E = =7 (16)

The summation in eq 16 starts with / = 2 because in our
simulations we have neglected the electrostatic interactions
between neighboring along the polymer backbone charged
monomers (1—2 electrostatic interactions). Also in writing eq
14 for the force term we kept only zero mode contribution by
assuming that N is sufficiently large such that

N-1

Z exp(ikas/N) = Noy,o
5s=0

(see Appendix A for details).

In normal mode representation, the bond—bond correlation
function G(/) describing the decay of the orientational memory
along the polymer backbone

is equal to

N-1

G = >

k=—(N-1)

@ea dew(i) a8

It is important to point out that the normal modes are not
independent. This is due to the constraint on the value of the
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bond—bond correlation function G(/) at / = 0 which should be
equal to unity

N-1

I = Z ) (19)
k=—=(N-1)

In order to account for this constraint we will introduce a
Lagrange multiplier u, and modify the expression for the chain’s
potential energy as follows

Upe({d, }.f 1) P ( <kn>2
UreQah L) _ g by + N k(&
knT k:_z(];_l) N

k i ) Nu oo
+V<W”> +/¢>Lk g_k)—T‘u—N]‘a(} (20)

where we used the expression for a reduced force f = fb/kgT. The
complication in calculating averages with the chain’s potential
energy given by eq 20 arises because it requires knowledge of
orientations of the vector @ . However, we can evaluate averages
over mode amplitude @ in two limiting cases of small and large
values of the applied forces. In the small force limit we can
consider the force term in the rhs of eq 20 as a perturbation. In
this approximation the average value of the projection of the unit
bond vector on the direction of the force is equal to

N—-1
() = <N oy > = (ag) ~ Nf{(a5))
s=0

:%, for f < 1 (21a)

where brackets () and )y denote averages with the statistical
weights corresponding to partition functions Z(f) and Z(0)
respectively (see eq 12). In simplifying eq 2la we used the
following relation:

() = (@y™0/3 =2/(3uN)

In the case of the large force amplitudes we can assume that one of
the components of the vector @ points in the direction of the
applied force while another is located in the xy-plane. Thus, the
addition of the external constant force changes the average value
of the amplitude of the component of the zero mode along z-axes
to{ay”) = f/u, resulting in the following expression for the value of

(n.y =(a;y ==, forf=1 (21b)

=™

The validity of eqs 21 for the average value of the projection is
discussed in Appendix A. Note that the difference between eqs
21a and 21b is in the numerical coefficient. We can write a simple
crossover expression which covers both limiting cases

o1
oy =L[1-L 4O _ (22)
“\ o 3(u(0)+1)
where 1(0) is the value of the Lagrange multiplier at zero force.

Taking this into account, we can rewrite the expression for the
bond—bond correlation function

27 _coslghdg o
G(l) = /O—Kq2+V(q)+ﬂ+<z> (23)
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and the self-consistent equation for the Lagrange multiplier u

2 (7 dq 2

n/o ke Vg au " 24

In writing eqs 23 and 24, we have introduced ¢ = km/N,
substituted summation by integration and extended the upper
integration limit to infinity. We also set @, = @ _; and took into
account the fact that the normal mode representation (see eq 13)
is a linear transformation such that the total number of indepen-
dent components of the vectors {a} is equal to the total number
of independent components of the vectors {# ,} that is equal to 2N
because each vector 77, is a unit bond vector. A numerical solution
of eq 24 gives functional dependence of the parameter # on the
magnitude of the external force f.

We can use the expression for the bond—bond correlation
function G(/) and calculate dependence of the chain size on the
magnitude of the external force

N—1 N
(R() =b" Y G5y =b*N+20" > (N=D)G(l) (25)
i,j=0 =1
which can be reduced to

(R(f) Ny 2 [T cos(gl) dg SR
72 7N+2;(N N> i m—l—(ﬂ;)N(N 1)

(26)

We can further simplify eq 26 and perform summation over
[. This leads to

. sin? w dg
(R*(f) 8 / (2) + N (27)
0

- (K2 +V(g) +p)

b? T

In simplifying eq 27, we have used an expansion: sin ¢ ~ q.
Note that eqs 24 and 27 provide expression for the force—
deformation curve and allow incorporation of the intrachain
electrostatic interactions into a model in a self-consistent manner
for the entire range of the applied force. In this respect our model
is different from the Marko and Siggia approach* to deforma-
tion of a semiflexible polyelectrolyte chain which is only correct in
the limit of the large chain deformations. In the next section we
will test our approximation by considering a deformation of
neutral semiflexible chain and compare our results with the
Marko—Siggia** and Bouchait et al>* models.

4. Deformation of Neutral Semiflexible Chain

In the case of a neutral chain the value of the electrostatic
potential V(¢) = 0. In this case, the integral in the rhs of eq 24 can
be analytically calculated resulting in

1 2
1= ﬁJr(nz) (28)

with the value of the Lagrange multiplier #(0) = K '. Figure 6
shows dependence of the reduced value of the Lagrange multi-
plier «K on the reduced force fbK/kzT. The data points for this
plot were obtained from the average value of the projection of the
unit bond vector on the direction of the applied force, (n.)=f/u,
in the limit of the large force magnitudes and from mean square
average value of fluctuation of this vector

()= () = 1/(33/uK)

in the limit of the small force magnitudes. There are two
asymptotic regimes in dependence of the Lagrange multiplier
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Figure 6. Dependence of the reduced value of the Lagrange multiplier
uK on the reduced force fbK/kzT for neutral semiflexible polymer
chains with the degree of polymerization, N,, = 200, bond spring
constant kgpring = 30.0kBT/02, Lennard-Jones interaction parameter
ey = 0.34 kT, and with different bending constants: K = 1.0 (green
half-filled triangles), K = 5.0 (black half-filled circles), K = 10.0 (red
half-filled squares), K = 15.0 (blue half-filled rhombs), K = 25.0 (green
filled triangles), K = 40.0 (black filled circles), K = 80.0 (red filled
squares), K = 120.0 (blue filled rhombs), and K = 160.0 (gray filled
hexagons). Solid line corresponds to eq 28.

u on the value of the applied force. In the case of weak chain
deformations when the value of the reduced force is small, f K <
1, the value of the Lagrange multiplier is inversely proportional to
the chain’s bending constant and shows a quadratic dependence
on the force magnitude

wr k7 (150K7) (29)

In the opposite limit, fK > 1, the value of the Lagrange
multiplier scales linearly with the magnitude of the applied force

uxf (30)

The bond—bond correlation function is obtained by perform-
ing integration in eq 23 resulting in the following expression

G(l) = ﬁexp(— \/gl> +(n.)*

_ 1 — ") -
—l+m exp( K1> 1 (31)

Once again there are two different asymptotic regimes for the
form of the bond—bond correlation function. At small values of
the parameter /K < 1 the value of the Lagrange multiplier u is
equal to K~ '. In this limit the bond—bond correlation function
decays exponentially with the number of bonds / along the
polymer backbone. In the opposite limit, fK > 1, the form of
the correlation function changes. At short distances along the
polymer backbone, / < (K/u)"?, the orientational correlations
show initial linear decay, G(/) ~ 1 —I/K, with the characteristic
length scale determined by the chain’s bending constant K.
However, at large separations along the polymer backbone the
value of the correlation function saturates, G(/) ~ 1 — 1/(uK)',
showing the appearance of the preferential chain’s orientation
determined by the direction of the applied external force. In
Figure 7, we show the dependence of the bond—bond correlation
function on the distance / along the polymer backbone obtained
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Figure 7. Bond-bond correlation functions of neutral semiflexible
polymer chains with the degree of polymerization, N,, = 200, bending
constant K = 25.0 and values of the applied force: /= 0.001 kgT/o
(green open triangles), / = 0.05 kzT/o (black open circles), f = 0.1 kzT)/
o (red open squares), f = 1.0 k3T /o (blue open rhombs), and /= 10.0
kpT/o (gray open hexagons). Solid lines correspond to eq 31.

for different values of the applied forces. The lines on this plot
correspond to analytically calculated correlation function given
by eq 31. The agreement between simulation and analytical
results is very good. It is important to point out that we used
the value of the bond length b obtained from simulations to
calculate the value of the Lagrange multiplier u (see eq 28). The
correction for the bond length becomes important for the large
values of the applied forces, > 20 kgT/o, for which the bond
length approaches 0.920.

Using an explicit form of the bond—bond correlation function
we can calculate the chain size dependence on the magnitude of
the external force.

R K !
( c;m»%g(jﬂ_]( >+<1_W_K>Nz (32)

where we introduced

_ 1 +exp(—+/u/K)
K = N p(= V)

(I —exp(— Ny/u/K))
—2exp(— ) 33
VI (= vy

For large values of the applied force, f K > 1, the chain size isa
universal function of the reduced Lagrange multiplier 4K or a
reduced force K (see eq 28).

Ry 1]
PN2 ! \/RNI ik (34)

The experimental data on chain deformation provide informa-
tion about the force dependence of the average value of the
projection of the chain’s end-to-end distance on the direction of
the applied force. This average value is equal to

A2 for fK < 1
(R.) = Nb(n.) = w3 ) (35)
“11, forfK>1

Using eq 28, we can transform eq 35 in a form which relates
the chain’s deformation ratio, (n.) = (R.)/bN, with the force
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Figure 8. Dependence of the chain deformation ratio (R.)/Nb on the
magnitude of the reduced force fbK/kzT for neutral semiflexible
polymer chains with the degree of polymerization N,, = 200, bond
spring constant kgprine = 30.0 kgT) /02, Lennard-Jones interaction
parameter g y = 0.34 k3T for different values of the bending constants:
K = 1.0 (green half-filled triangles), K = 5.0 (black half-filled circles),
K = 10.0 (red half-filled squares), K = 15.0 (blue half-filled rhombs),
K = 25.0(green filled triangles), K = 40.0 (black filled circles), K = 80.0
(red filled squares), K = 120.0 (blue filled rhombs), and K = 160.0 (gray
filled hexagons). The solid line is given by eq 36, the red long-dashed line
represents the exact solution by Bouchiat et al.,** and the blue short-
dashed line corresponds to the Marko—Siggia expression.

magnitude in both limits

P ) )
BT~ 2 (1= (n))?

In deriving eq 35 we solved eq 28 for the Lagrange multiplier
as a function of (n.) then substituted this solution into eq 35. In
Figure 8 we apply eq 36 to collapse all our simulation data for
neutral chains into one universal plot. The agreement between
crossover expression and the simulation results is excellent. The
error barsin the Figure 8 are proportional to (g(u.K)/(3(uK) "))
and could be made smaller by considering longer chains. Note
that our expression eq 36 is different from the crossover expres-
sion proposed by Marko and Siggia*

(36)

K L
T T G7)

in the crossover regime. Their expression always underestimates
chain deformation see Figure 8. The expression eq 36 is very close
to the exact solution for the model of the worm like chain under
tension obtained by Bouchiat et al.** The maximum difference for
chain deformation between eq 36 and the exact solution is below
3% for (n.) ~ 0.5 while the difference between the exact solution
and the Marko—Siggia expression*” for the same deformation
interval is close to 9%. Unfortunately, this difference between
expressions is still smaller than the accuracy of the simulation
data.

To the end of this section let us comment on how one can
include bond deformation into our model. The details of calcula-
tions are given in Appendix B below we will only present the final
result for the bond length dependence on the external force which
was derived by approximating a bond potential energy by a
parabolic function

fo’

b~ by+———
0 KbondkBT

(38)
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where by is the equilibrium bond length without applied force,
and Kj,,nqg/0” is the effective bond elastic constant in terms of the
thermal energy kgT. In the limit of the large deformations when
the bond stretching effects become important eq 36 is trans-

formed to
—12
(R) ~ Nb (1 - %(13%) ) (39)

where the value of the bond length, b, is given by eq 38.

5. Effect of the Electrostatic Interactions on Chain Deformation

The presented above comparison of the simulation results
with analytically calculated bond—bond correlation function
and chain size shows that our model of deformation of semi-
flexible chain is in a good quantitative agreement with the
simulation results. In this section, we will extend our ana-
lyses to describe deformation of the semiflexible polyelectrolyte
chain.

In order to obtain an analytical expression for the force
dependent bond—bond correlation function of a semiflexible
polyelectrolyte chain and to understand the reason behind its
form change with increasing the magnitude of the applied force we
will evaluate integral in eq 24 by using a trial function approach
developed in ref 53. It was shown in ref 53 that we can approximate
function V(q) by a trial function in the following form

Ag?
O+

Note that the form of the trial function V,(q) can be estab-
lished by considering the dependence of the electrostatic interac-
tion potential V(g) on the wavenumber ¢. In the limit gkb < 1, this
function is quadratic on ¢, ¥(q) = ¢°, while in the opposite limit,
gkb > 1, it approaches a constant, V(g) < —In(xb). In the

framework of the variational approach the parameters A4 and 6
have to be found self-consistently from the normalization equation

_2 7 dg 2 (Vg - Vel@)dg,
=2k FeEh Ty e @

where we introduced the bond—bond correlation function in ¢
representation

Vilq) = (40)

2

-1 Agq
G (q9) =Kq' +

O+

+u (42)

Itisimportant to point out that the first integral in the rhs of eq
41 should be equal to 1-(n.)*to satisfy the normalization condition
for the norm of the unit bond vector because function G(g)
represents a fluctuation part of the bond—bond correlation
function. Thus, eq 41 can be rewritten as two independent

equations
2 [~ d
1 _<n2>2 = / =3 q k)
0

7l G(g)
2 (" (V(g)—Vulg) dg _
and ”/0 —[Gfl(q)f =0 (43)

In order to evaluate the integrals in the eqs 43 it is useful to
rewrite function G(g) as

Carrillo and Dobrynin
where z; and z; are roots of the following equation
A= (0" +u/K+A/K)Z +ud* /K =0 (45)

The bond—bond correlation function G(/) corresponding to
the function G(g) has the following form

G(I) = (n2)* + (1= (n.)” = B) exp( = z1[1]) + B exp( = 2|l))
(46)
where the parameter 3 is defined as

Y
z5=0
K(z3—2)z

B = (47)
This is exactly the correlation function observed in our
simulations with roots z; = 1/ and z, = 1/4, describing chain’s
correlation properties at the long and short length scales, respec-
tively. ~
Substitution of the function G(q), given by eq 44, into the first
integral of eq 43 leads to

WK+ u
n K(21+22)\/‘L_t

The calculation details of the second integral and numerical
solutions of the variational equations are given in Appendix C
below we will present a scaling analysis of these solutions. It is
useful to introduce a new variables x and y such that

+{n.y’ (43)

SIS
2K »K
2oL jp A
xpV K 2

21

—KE@-)(1-7) (@)

and consider x, y, and ¢ as variational parameters. The analysis of
eq C15 can be done analytically in the case x> 1 and y < 1. In this
approximation the system of eqs C15 reduces to two simple
equations

2111(21)—§(X2_1)%0 (50(1)

?ﬁ;; -~ (”Ky)m ~ 0 (50b)

The function /;(z) has two different asymptotic regimes: /,(z) ~
Kosr/(22) for z/(kb) < 1 and I1(z) ~ f,/(22°) for z/(kb) > 1 where
we introduced the Odijk—Skolnick—Fixman electrostatic bend-
ing constant***

51
O 4(kb)? 5D
and the effective electrostatic tension force
fe = —uo In(kb) (52)

The root z, describes chain’s orientational correlations at the
length scales smaller or on the order of the Debye screening length
«~"such that z/(kb) = 1. In this limit the expression eq 50b can be
rewritten as

K2 K2
K g T g (53)
(1=y2)uls? »
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Figure 9. Dependence of the parameter z;(f)/z;(0) on the reduced force
f/21(0) for semlﬂexrble polyelectrolyte chains with the degree of polym-
erization N,, = 200, bond spring constant kgpine = 100. OkBT/02
Lennard-Jones interaction parameter &1y = 1.0k3T, electrostatic cou-
pling constant 4., = 1.0 for drfferent values of the Debye screening
length and bendmg constants: k ~ = So and K = 25.0 (green half filled
triangles); k' = 100 and K = 25.0 (green mverted triangles); k' =
200 and K = 25 0 (green filled triangles); x = = 200 and K = 40.0
(black circles); k' = 200 and K = 800 (red squares); k = = 200 and
K = 120.0 (blue rhombs); and «~ = 200 and K = 160.0 (gray
hexagons). The solid line has slope 0.5.

Solving this equation for the parameter y we obtain

Aol i fetu
zz(f)~;\/%~ e (54)

The root z; describes the long-scale orientational correlations
for which z;/(kb) < 1. In this approximation the expression eq 50a
reduces to

Kosr —K(x* = 1) ~ 0 (55)

Solving eq 55 for the parameter x we have

Aol ju o fu
Z(f)wx\/;w K*

1/K*, forf < K*~!
\Jf/K*, for K*~! < f < K*(kb)? (56)

where we introduced

K* = K+ Kosp (57)

and approximated u ~ 1/K* for fK* < 1 and u ~ f in the limit of
large forces, fK* > 1. It follows from eq 56 that the external
applied force begins influence chain’s correlation properties when
the force amplitude f exceeds 1/K*. In this interval of parameters
the value of the Lagrange multlpher wisequal to f (see eg 48) and
the smallest root z; of eq 45 is equal to z; ~ (f/K*)". In this
regime, at long-length scales, the chain behaves as a neutral chain
with the effective bending rigidity K* under the applied force f.
However, the behavior of the chain at short-length scales is
unchanged (see eq 54). This regime continues until the external
force f becomes on the order of the electrostatic tension force /.
At larger values of the applied force, / > f, the second root z,
shows /' dependence. Thus, at short-length scales the chain
behavior is similar to that of a neutral chain with the effective
bending constant K.
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The value of the root z;~ (f/K*)"/? increases with increasing
the force magnitude. It becomes on the order of the inverse Debye
radius, z; ~ kb, at f K*(xb)*. For larger values of the applied
force f > K*(kb)* we have to use the second asymptotlc
expression for the function ,(z) & f,/(22°). In this approxima-
tion, eq 50a transforms into

sz% —-K(x*—-1)~0 (58)

Solving this equation for the parameter x we obtain

1\/5%1—1’
x\V K K’

Thus, asymptotically, the roots z; and z, (see eqs 54 and 59)
should converge. It is also interesting to point out that in this
force range the information about electrostatic interactions only
enters through the electrostatic tension force £, responsible for
the local chain deformation.

To illustrate relation of the different crossover regimes with the
local chain tension and electrostatic renormalization of the
chain’s bending constant in Figures 9 and 10, we show normal-
ized values of the roots z; and z, as functions of the reduced
applied force. For the smallest root we plotted z((f)/z;(0) as a
function of f /z1(0), and for the largest root z, we used z(f )/22(0)
for the y-axis and normalized the external force f by f, = Kz,(0).
This choice of new reduced variables allowed us to collapse all our
simulations data into universal plots confirming the existence of
two different crossover regimes with f o< 1/K* and f o< f,..

for /> K*(kb)*  (59)

6. What Stretching Experiments Can Tell Us About the
Chain’s Bending Constant

The existence of the two different length scales controlling the
chain’s elastic and bending properties raises the question on how
reliable the analysis of the experimental data on DNA stretching
is when one assumes a smg]e effective bending constant for the
data interpretation.”>>> To address this issue below, we perform
analysis of the simulation data of a semiflexible polyelectrolyte
chain and try to extract the effective chain’s bending rigidity in
order to demonstrate the effect of the different length scales on
chain’s effective bending constant. Comparing the expression eq
28 for a neutral chain with the expression eq 48 for a polyelec-
trolyte chain, we can introduce an effective chain bending
constant K. such that

2 2
K b
Ky = e il K( i ) (60)
: OVK+.\/u 1+xy
where x ~ (K*/K)"?and y ~ [f/(fe + /)]"/* are solutions of the eqs
54 and 55. Using eq 60, we can rewrite eq 48 as follows

1 >
=t n) (61)
Koy
The effective bending rigidity K.q can be viewed as a bending
constant of a corresponding neutral chain. Using the neutral
chain results (see eq 36) we can write the following parametric
equation for a chain deformation ratio

PRy S, ()
ks 2 (1=(n))?

Note that we added an (n.)/2 term to cover the whole chain
deformation range (see discussion in Section 4). We applied eq 62

(62)
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Figure 10. Dependence of the parameter z»(f)/z»(0) on the reduced
force f/f, where f, = z,(0)°K for semiflexible polyelectrolyte chains
with the degree of polymerization N,, = 200, bond spring constant
Kspring = 100.0k3T/02, Lennard-Jones interaction parameter ey =
1.0k 3T, electrostatic coupling constant 4,; = 1.0 for different values of
the Debye screening length and bendrng constants: k' = 50and K =
25.0 (green halffilled triangles); k" = 10oand K = 25.0 (green inverted

triangles); k' = 200 and K = 25 0 (green filled triangles); ' = 200
and K = 40.0 (black circles); k= = 200 and K = 80.0 (red squares);
= 20cand K = 120.0 (bluerhombs); and "~ = 200 and K = 160.0

(grgy~helr)/<2agons). The solid line is given by the equation z(f)/z2(0) = (1
+flf)

to extract Ko from our simulation data for (R.(f)). The results of
this procedure are summarized in Figure 11. For this plot we used
only data points for which chain’s deformation exceeds 60% to
minimize the error in obtaining value of the bending constant. As
one can see from this plot the value of the effective bending
constant decreases with increasing the value of the applied force.
Also the lines corresponding to different values of the Debye
screening length converge. This once again supports our observa-
tion that in the large force limit a polyelectrolyte chain behavior is
similar to that of a neutral chain with the same value of the chain’s
bending constant. Note that the variations in the value of the
effective bending constant are largest for the systems with the
strongest electrostatic interactions corresponding to simulations
with the larger values of the Debye screening lengths. Thus, the
results in Figure 11 indicate that we can not use a force
independent bending constant to fit the simulation data on chain
deformation.

A qualitative understanding of the observed dependence of the
effective chain’s bending constant on the applied force could be
obtained by analyzing eq 60. In the limit of small applied
forces the parameter x is equal to (K*/K)'/? (see eq 55) and the
parameter y scales with the applied force as [f/(f. + /)] (see eq
54). In the limit of xy << 1 and x > 1, the value of the effective
bending constant can be approximated as Ky ~ K/x* ~ K*
(see eq 57). In this regime it is force independent and has a form
used for interpretation of the DNA stretching data.
However, it follows from eq 60 that this approximation is correct
only if xy < 1 or

~K*—K - uo?
f fK*’\’f( "’fe4(Kb)2K (63)

where f x+ is the crossover value of the applied force at which xy ~
1. The crossover value of the applied force depends on the bending
constant K, the chain’s degree of ionization a, and solution ionic
strength 1. We can estimate how this crossover value changes
with the solution ionic strength for the DNA molecule. By
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Figure 11. Dependence of the effective bending rigidity K. on the
value of the applied force fb/kpT for semiflexible polyelectrolyte chains
with the degree of polymerization N,, = 200, the bond spring constant
Kspring = 100.0k BT/02 the Lennard-Jones interaction parameter & 5 =
1.0k T, the electrostatic coupling constant 4., = 1.0 for different values
of the Debye screening length and bending constants: K = 25.0 (green
half filled triangles); k' = 10oand K = 25.0 (green inverted triangles);
~ =20cand K = 25.0 (green filled triangles); k ~ = Soand K = 40.0
(black half fil ed circles); 100 and K = 40.0 (black checkered
circles); k' = 200 and K = 40.0 (black filled circles). The lines
correspond to numerically calculated values of the effective chain’s
bending constant K. (see text for details).

approximating the charge distribution along the DNA backbone
on the length scales smaller than the chain’s persistence length as
that of a charged rod with the distance between charges b = 0.17
nm (there are about 10 base pairs per DNA double helix turn
with length 3.4 nm) and by assuming that the effective chain’s
ionization degree ot &~ 0.15—0.17 (see, for details, ref 58) we can
estimate f g+

2
. uo\ kgT 692 x 10~*

where 7is the solution ionic strength, and Zpo = hK ~ 40 nm is the
bare DNA persistence length. Note that in writing eq 64 we have
neglected the logarlthmlc dependence of the electrostatic tension
on the Debye screening length, f', ~ u(x In(kb).

If the opposite inequality holds, / > f x=, the effective chain’s
bending constant decreases with increasing the value of the

applied force
v’ /
K(,ffzK<' > ~ K| 1+ (65)
, Xy 7

Thus, in the large force limit, /> £, the value of the effective
chain’s bending constant approaches K value. For the DNA
molecule the value of electrostatic tension force is on the order of
fo~ uo’kgT/b ~ 2.26 pN.

The lines in Figure 11 correspond to effective chain’s bending
constant K evaluated by using numerically calculated values of
the average projection of the unit bond vector on the z-axis (.).
In the large force limit this average value is approximated as
(n.y ~ f Ju (see Section 3). The values of the Lagrange multiplier u
for these plots were obtained by numerically solving the following
integral equation

~\ 2
e A
_n/o Kq* + V(Q)+ﬂ+(ﬂ> (%)
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For this procedure we used the value of the chain’s bending
constant K, the electrostatic interaction parameter 4,; = 1, and
the average bond length » = 0.905¢ from simulations. The
agreement between the simulation results and numerically calcu-
lated values of the effective chain’s bending constant K is very
good. This comparison between simulation and numerical results
suggests that we can use eq 66 for the inverse problem to solve for
chain’s parameters such as K, 4., and b by using as an input
dependence of chain deformation (n.) = (R.)/bN on the applied
force f. Thus, overcoming complications arising from the force
dependent effect of the electrostatic interactions on the chain’s
bending properties. Our analysis of the simulation data also
indicates that extraction of the DNA parameters from experi-
ments requires consideration of the force dependent effective
chain bending constant to account for the scale dependent effect
of the electrostatic interactions on the chain’s bending rigidity
(see discussion above). In their analysis of the DNA stretching
data, Baumann et al 32 fitted the force-elongation curve to the
Marko and Siggia** expression (see eq 37) with force independent
value of the chain bending constant. This fitting procedure
provides an average value of the chain’s bending constant over
the interval of the applied forces. We have attempted to reanalyze
the data sets by Baumann et al>> implementing procedure similar
to the one used for extracting effective chain’s bending constant
from our simulation data (see Figure 11). Unfortunately, the
accuracy of the data digitizing procedure from the plots given in
ref 52 and the quality of the data sets did not allow us to obtain
significant variations of the effective chain’s bending constant
with the applied force. Thus, more accurate measurements are
necessary to prove the force dependence of the chain bending
constant experimentally. We hope that our work will inspire a
new DNA stretching experiments that will provide more accurate
measurements of the chain deformation.

To the end of this section we want to point out that our
expression eq 66 has a wider applicability range and uses discrete
nature of the charge distribution along the polymer backbone (see
eq 15 for definition of the electrostatic interaction term ¥7(g)) in
comparison with the expression derived by Marko and Siggia.**

7. Conclusions

We have used combination of the molecular dynamics simula-
tions and theoretical calculations to study the deformation of a
semiflexible polyelectrolyte chain. Our analysis shows that the
bond—bond correlation function of a semiflexible polyelectrolyte
chain under tension can be approximated by a sum of a constant
and two exponential functions. The constant term is due to
preferential chain orientation along the direction of the applied
force. The sum of the two exponential functions describes the
correlations in fluctuations of the bond vectors about the average
chain orientation imposed by the applied force. The form of the
bond—bond correlation function is a result of the scale dependent
contribution of the electrostatic interactions to the chain’s elastic
and bending modulus. The two different correlation lengths
characterizing the decays of the orientational memory between
bond vectors describe short-range and long-range orientational
correlations. The short-length scale correlation length describes
the chain’s orientational memory at the distances along the
polymer backbone smaller or on the order of the Debye screening
length while the long-scale correlation length is responsible for
the chains bending properties at the distances larger than the
Debye screening length. In the small force limit both correlation
lengths are constant. The applied external force first begins to
influence the long-scale orientational correlations. This occurs at
the value of the reduced force on the order of f o< 1/K* (see eq 57
for definition of K*). For the DNA molecule this crossover takes
place at '~ 0.1pN for typical salt concentration range. In the

Macromolecules, Vol. 43, No. 5, 2010 2599

interval of the applied forces f/ > 1/K* at the long-length scales a
semiflexible polyelectrolyte chain behaves similar to a neutral
chain under tension with the effective chain’s bending constant
being equal to K* and with the corresponding long-range
correlation length A< (K*/f)"?. Thus, the bond orientational
correlations decay faster with increasing the value of the applied
external force. At the same time the short-length scale correlation
length stays unchanged and is still determined by the local
electrostatic induced tension, 4, o< (K/f,)"%. The chain deforma-
tions start to influence the local chain’s deformation modes when
the external force becomes on the order of the electrostatic
tension force f* ~ f,. For the DNA molecule the value of the
electrostatic tension force is on the order of f, ~ 2.2pN. In the
larger force interval f>f, the correlation length A, shows
behavior similar to that of a neutral chain with the bending
constant K under tension /, A, ~ (K/f)". Note that in this large
force limit the behavior of a semiflexible polyelectrolyte chain
becomes independent of the strength of the electrostatic interactions.

The chain’s bond—bond correlation properties manifest them-
selves in the force dependence of a chain size. There are three
different chain’s deformation regimes depending on the magni-
tude of the external force /. In the case of weak external forces, fb/
kpT < 1/K*, the mean-square average values of the chain end-to-
end distance is a quadratic function of the force magnitude

(RX(f)) ~ 20°K*N + (bfK*N)’ (67)

Note that, in writing eq 67, we have neglected the effect of the
electrostatic interactions between remote along the polymer
backbone charged pairs that for sufficiently long chains can lead
to additional chain swelling.”” These electrostatic interactions
change corresponding exponents for the chain size dependence on
the degree of polymerization N and magnitude of the applied
force f'to those of a chain with effective electrostatic second virial
coefficient. The chain swelling effects can be taken into account
by using the Pincus blob model®® or in the framework of the
variational approach developed by Morrison et al® for deforma-
tion of a chain with the excluded volume interactions. It is also
important to point out, that for the accessible force interval the
swelling effects are more pronounced for flexible polyelectrolyte
chains such as single stranded DNA®' and will be discussed in
separate publication.

The behavior of a chain qualitatively changes when f > 1/K*.
In this range of parameters the mean-square average value of the
chain’s end-to-end distance is

1

This is in line with the results obtained for deformation of a
semiflexible chain with force dependent effective chain bending
rigidity K It is constant K. ~ K* in the interval of the applied
forces 1/K* < f < fg« and is inversely proportional to the
magnitude of the applied force K.~ K(1 + f g/f ) for /> f g« (see
eq 63 for the definition of / k). As one can see in the limit of large
forces, the value of the effective chain bending constant K.g
approaches K value. In this regime the behavior of a polyelec-
trolyte chain under tension is similar to deformation of a neutral
semiflexible chain with the bending constant K

(R(f) ~ (R) ~ B'N*[ 1— (68)

R ~ BN [ 1- (69)

VK

Thus, in this deformation regime the chain size is independent
of the salt concentration (see Figures 2).
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The developed here model of deformation of semiflexible
polyelectrolyte chain can be used to describe elasticity of biolo-
gical gels made of semiflexible polyelectrolytes.® % The discov-
ered force dependence of the effective chain bending constant
could lead to a new nonlinear regime in gel deformation. Another
area of research that could benefit from our results is confinement
of the sem1ﬂex1ble polyelectrolyte chains inside pores and
channels.”’ " In these systems one should expect a decrease
of the effective chain’s bending constant with decreasing the size
of the confining pore. This is because both the external force and
the confining pore restrict lateral chain’s fluctuations. We will
address these problems in future publications.
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Appendix A

In this appendix, we will present analysis of the finite N
corrections to the expression of the average projection of the
unit bond vector on the z-axis, {n.). In the normal mode
representation the chain’s potential energy is equal to

U({ak}ja#) - N Z (G(k7#)(ak'§k) —failk> _%

kT k=—(N—1)
(A1)
where we defined functions
G(k,u) = K(ka/N)* + V(ka/N) +u (A2)
and
1 A ks
e = i g exp (z W) (A3)

Note that in the limit of large N — o functions #; reduce to d;
and one recovers eq 20. Let us evaluate averages over mode
amplitudes in two limiting cases of small and large values of the
applied force. In the small force limit, / << 1, we can consider the
force term in the rhs of eq Al as perturbation. In this approx-
imation the average value of the projection of the unit bond
vector on the direction of the force is equal to

N-1
n) = <N1 > n>
5=0

N-1

N1
= > (=N Y

——(N-1) ——(N-1)

((ara— )tk - (A4)

where brackets () and (), denote averages with the statistical
weights corresponding to partition functions Z(f) and Z(0)
respectively (see eq 12). In order to calculate the averages in eq
A4, we will set @, = d _; and use the following relations

(@ _ Gk~
3 3N

Note that each vector @, has only two independent com-
ponents because transformation eq 13 is a linear transformation.
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Taking eqs A5 into account the r.h.s of eq A4 reduces to

<nz> N

/ dq cos q|s—s )
3nN

K@+ V(q)+u

_ Ry K))

N forf <1 (A6)

where we defined

2N_1 dg cos(gls —s'|)
Ro* (1, K)) / — A7
< 0(;“ YS,Z Kq2+V +u ( )

In obtaining eq A6, we have introduced ¢ = kzr/N, substituted
summation by integration and extended the upper integration
limit to infinity.

In the case of the large force amplitudes we can assume that the
average component of the vectors a; points in the direction of the
applied force. Thus, the addition of the external constant force
changes the average value of the amplitude of the mode compo-
nent along z-axes to

(@)~ fi-i/(Kg +V(q)+un), forf>1  (A3)

resulting in the following expression for the average value of the
unit bond vector

N-1

N 2f dg cos( s—s))_/:~
= k:—%—l <ak>tk~ Z / K@+ V(g)+u n
_[RywK)_f
- N P
(A9)
Combining eqs A6 and A9 together we have
[ (Rw.K)/3N, [<1
) =1 { (R KN~ 1/, 1 10

where the Lagrange multiplier u is the solution of the following
nonlinear equation see eq 24

2/"° dg
== —5—~—
7)o K@+V(q) +u

To analyze different regimes in eq Al0, it is convenient to
consider first the case of the neutral chains with 7(¢) = 0. Taking
this into account and performing integration and summations in
eq A7 one has

<Roz(ﬂ,K)>%2\/§ N\/%—H—exp(—\/%N) (A12)

The exponential term 1n the rhs of eq A12 can be neglected
when the ratio N(u/K)"? > 1, resulting in (Ro*(u.K)) ~ 2N/u.
Solving eq A 11 for u at the zero force limit, (n.) =0, we obtain for
the value of the Lagrange multiplier x(0)=K '. Thus, the
condition N(,u/l(')I /2> 1 transforms to N/K > 1. In the large
force limit, f K>> 1 (see section 3 for details), (n.) ~ 1 and the value
of the Lagrange multiplier is equal to u & f. Using this expression
for u one can rewrite the condition asN(f’ /K)l/ 2> 1. Thus, we can
use a zero mode approximation for sufficiently long chains with

+(n.)? (Al1)
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N/K > 1 or in the interval of sufficiently strong forces such
that f>K/N°. Note that the approximation (R,’(u,K)) ~
2N/u provide a qualitatively correct results even in the case
N(u/K)"" o= 1.

In the case of the charged systems in the limit of the small ¢,
which dominate contribution to the integral in the rhs of eq A7
for small and intermediate force range, the function

2

uo
K@ +V()+u~ | K+—= | +u~hgd+u (A1)
4(kb)

The extension of the analysis presented above to the charged
systems is straightforward by substituting the bare chain bending
constant K by ;.

Appendix B

In this appendix, we consider a more general approach to chain
deformation when the external force can induce an additional
bond stretching such that the equilibrium bond size changes with
the force magnitude. The free energy of the system with deform-
able bonds in the large force limit is

F(bfo1) Upona(b) | Eroalbk) A k\*
o7 ~ N ol T + Y In|K

k=0

kt N[ b\ uN
V|— - ) —— Bl
() ) ulan) Yo
where the first term describes the bond energy with a bond
length b

Ubaml(b) o _ksprinngalen 1— b2 _l_@ g =
kgT 2kgT Ruaxl ]  ksT\\b

o 6 ELy

o))t .
The functional form of this interaction potential corresponds to
the one used in our simulations. The remaining terms ineq B1 are
obtained by evaluating the chain’s partition function eq 12
with a logarithmic term accounting for the orientational fluctua-
tions of the bond vectors. Note that in writing eq Bl we have
neglected terms that do not depend on the bond length b or the
Lagrange multiplier u. The optimal values of the parameters b
and u are obtained by differentiating the free energy (eq B1) with
respect to u and b. The optimization of the free energy eq B1 with
respect to the Lagrange multiplier u recovers eq 24 in the large

force limit
1_3/°° dg +(ﬂ) )2 (B3)
“ado KE+V(g)+u \ksTu

and optimization with respect to the bond length b results in

Ui/yoml (b)+ l{od (b»K)+l/w V,(q) dq _Q<L>2
kT ksTN )y (Kg*+V(g)+u) wu\ksT
=0

(B4)

where g'(b) denotes derivative of a function g(h) with respect to
the bond length 5.
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The analytical solutions of eqs B3 and B4 can be obtained if
one approximates the bond potential by a parabolic potential in
the following form

Ubond (b) ~ Khond

~

kBT 202

(b= bo)? (BS)

where by is the equilibrium bond length without applied force,
and Kj,nqg/0” is the effective bond elastic constant in terms of the
thermal energy k3T In the case of the neutral chain, eqs B3 and
B4 are reduced to

o b\
vy & (kB Tu) (50
and
o b ’
ngd(b_bo) _ﬁ(lq]:_T) =0 (B7)

Since the bond deformation occurs only in the interval of the
applied forces for which fbK/k 3 T>> 1. The eq B7 can be simplified
as follows

)
b’\’\jb()+ fo.

e B.
KbondkB T ( 8)

Appendix C

In this appendix, we will present the calculation details of
evaluation of the integrals in eq 43 and present numerical
solutions for the variational parameters. We begin with calcula-
tion of the second integral in eq 43 to obtain a self-consistent
equation coupling the variational parameters u, A and 0 with the
system parameters:

2 [("(Vg) = Valg)dg _
”/o G wr “
where
N —kbm
V(g) =2uc® (1 —%)%ﬁkb) (1+kbm)
m=1
<i(m —s)(1 —cos(qs))) (C2)
s=1
A 2
Vilg) = 62jq2 (C3)
and
- 1 2 —z? z2-8
G(Q) = K(222 _212) 612 +Z]l2 +q22 1252 (C4)

The integration in eq C1 can be performed analytically result-
ing in

o\
0 - <(62—Z12)211 (Zl)_g(é ) )

K2(222_212)2 Z1

+ (222 — 62)211 (Zz) —+ ((52 —212)(222 — (32)12(21,22)
((22—6)2+4(6—21)(22—(§)>:| ©s)

%) Z1+ 122

A
2
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where we defined

N m

L(z) =2u0® Y T(m)» (m=s)gi(s.2) (C6)

m=1 s=1

N m

h(z1,7) =2ua®»_ T(m)Y (m=s)g(s.z1,72)  (CT)

m=1 s=1

m3

T(m) = (1 —%)M (I+kbm)  (C8)

= 2—;(1 — (1 +sz)exp(—s2)) (C9)

_ 4 [7  (1—cos(gs))

£2(5,21,22) 7:1/0 (¢*+21%)(¢* +22%)
2 1 —exp(—sz1) 1 —exp(—sz)
e

(C10)

It is useful to introduce a new reduced variables such that

x=— and y=— (C11)

where we assumed that x > 1, and y < 1. Solving for the
parameter 0, we have

o 1
21222 :7"=> o=4 % (C12)

This leads to the following expressions for the smallest and largest

roots
1 ju 1 ju
——, /= —— /= 1
o x\/;’ 2 y\/; (C13)

Using this representation we can also obtain value of the para-
meter A:

2 22 M A A _ 2_ 2
Z21°+ 2" =90 +E+E=’§—K(x 1)(1 y) (C14)
In these new variables, we can rewrite eq C5 as combination of
two equations

2 _ —
filx.pu) = (21[1(21)_K(x21—m> -

folx,y,u) = {ETZ__yzizfll(Zz)+22212(21,22)
_(ﬂ’z);/zx<(~’€;l)2+4(]_i’)f;_])ﬂ -0 (C15)
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Figure 12. Dependence of the parameters z(f) (open symbols and
dashed lines) and z,(f) (filled symbols and solid lines) on the value of
the reduced applied force fb/kpT obtained from the function G(/)
(symbols) and from the variational principle (lines) for semiflexible
polyelectrolyte chains with the degree of polymerization N,, = 200,
electrostatic coupling constant 4,; = 1.0, Debye screening length ™' =
200 and for different values of the bending constant: K = 40.0 (black
circles), K = 80.0 (red squares), K = 120.0 (blue rhombs), and K =
160.0 (gray hexagons).

The eqs C15 have to be supplemented by a normalization
condition eq 48

T4y
f3(x,y,/4) =1 (x—l—y)\/fﬁ

where we can use the following crossover expression for the
average value of the projection of the unit bond vector

Sl mO)
(n-) = . (1 30:0) +f‘)> (C17)

where u(0) is the value of the Lagrange multiplier at zero applied
force. The optimal values of the parameters K*, u, and  can be
found by minimizing a function

.y =0 (C16)

2y p) =[R2 p) + 7 () 457 (x,pae) - (CI8)

Figure 12 shows comparison between the roots z; and z, obtained
from the numerically calculated correlation functions eq 23 and
ones calculated from the variational approach by minimizing a y-
function eq CI18. The agreement between the values of the
bending rigidities is reasonably good. The agreement between
variational principle and direct integration results improves with
increasing the initial chain’s bending rigidity K and magnitude of
the applied force.
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